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argument when it is remembered that the definition of equal ratios in Eucl. V, Def. 5 corresponds exactly to the modern theory of irrationals due to Dedekind, and that it is word for word the same as Weierstrass's definition of equal numbers.
(/?)   The method of exhaustion.
In the preface to Book I of his treatise On the Sphere and Cylinder Archimedes attributes to Eudoxus the proof of the theorems that the volume of a pyramid is one-third of the volume of the prism which has the same base and equal height, and that the volume of a cone* is one-third of the cylinder with the same base and height. In the Method he says that these facts were discovered, though not proved (i. e. in Archimedes's sense of the word), by Democritus, who accordingly deserved a great part of the credit for the theorems, but that Eudoxus was the first to supply the scientific proof. In the preface to the Quadrature of the Para-'bola Archimedes gives further details. He says that for the proof of the theorem that the area of a segment of a parabola cut off by a chord is §rds of the triangle on the same base and of equal height with the segment he himself used the ' lemma' quoted above (now known as the Axiom of Archimedes), and he goes on:
1 The earlier geometers have also used this lemma; for it is by the use of this lemma that they have proved the propositions (1) that circles are to one another in the duplicate ratio of their diameters, (2) that spheres are to one another in the triplicate ratio of their diameters, and further (3) that every pyramid is one third part of the prism which has the same base with the pyramid and equal height; also (4) that every cone is one third part of the cylinder having the same base with the cone and equal height they proved by assuming a certain lemma similar to that aforesaid.'
As, according to the other passage, it was Eudoxus who first proved the last two of these theorems, it is a safe inference that he used for this purpose the f lemma' in question or its equivalent. But was he the first to use the lemma ? This has been questioned on the ground that one of the theorems mentioned as having been proved by ' the earlier geometers' in this way is the theorem that circles are to one

